It has been found in a classical system, mostly inspired by bouncing droplets experiments, that it is possible to write: an equivalent free Schrödinger equation; a covariant guidance formula (which leads to the equivalent de Broglie-Bohm guidance formula in the low-velocity approximation); the energy and momentum of the 'particle', which have a direct counterpart as well in special relativity (only valid when the 'particle' is in its reference state) as for the ones attributed to the whole system in quantum mechanics. These results were found in a previous paper in systems without external potential. In the current paper we show that these results hold in presence of an external potential. With regard to the considered system, a general covariant formulation is used and a natural interpretation between the proper time and the 'world time' (as in general relativity) is suggested. Hence, the system behaves as if an effective gravitational field (generated by an experimenter) exists. This natural interpretation and the effective gravitational field only involve pulsations.
Introduction
Bouncing droplets experiments, in which droplets bounce and 'walk' on a vibrating liquid substrate (initiated in [1] and see [2] for a review) have shown for the first time that classical and macroscopic systems exhibit quantum-like phenomena. The fact that droplets are guided by the wave that they have generated is reminiscent of the pilot wave suggested by de Broglie [3] (see [4, 2, 5] for a discussion in this context) and more generally of the double solution program [6, 7] (see [8, 9] for current and well-thought overviews). Nevertheless, it seems tricky to mathematically formalise bouncing droplet problems in order to obtain equations close to the ones in corresponding quantum systems. To deal with more convenient systems, from the mathematical point of view, we have recently suggested a classical and macroscopic system [10] -also inspired by a sliding bead on a vibrating string experiment [11] -and, with more success, [12] .
The latter toy system consists of (i) an elastic medium, which carries transverse waves governed by a Klein-Gordon-like equation, and (ii) one high elastic medium density, considered as a point of mass m0 and called concretion. This system is wave monistic and, also, invariant by the Lorentz-Poincaré transformation specific to the elastic medium (in particular to the propagation speed of waves). This approach was very encouraging. For instance it has been found: a strictly equivalent free Schrödinger equation; a covariant guidance formula (which leads to the equivalent de Broglie-Bohm guidance formula in the low-velocity approximation); the energy and momentum of the 'particle' concretion have a direct counterpart in special relativity (only valid when the concretion is in its reference state) as well as in quantum mechanics with the ones commonly attributed to the so-called quantum system. However these results only concern the special case without external potential. It is then natural to wonder if these results hold in presence of an external potential. The aim of this study is to answer this question.
Since this article is a direct continuation of the previous one [12] , we do not again explain and discuss the toy system, neither the manner it is inspired by bouncing droplets experiments, etc. Nevertheless, for the sake of clarity, let us very briefly recall the notation and the Lagrangian density used in [12] . This reads
where ϕ denotes a (real-valued) transverse wave (as the interface height of the liquid bath in bouncing droplets experiments), T a 'tension' of the elastic medium, µ0 its mass per element of volume, cm the propagation speed of the wave (such that T = µ0 c 2 m ), Ωm the reference transverse pulsation of the elastic medium (i.e. the elastic medium tends to support transverse standing vibrations at this pulsation, as at the Faraday pulsation in bouncing droplets experiments) and ρ0 the very high elastic medium density corresponding to the concretion of mass m0 (ρ0( r0, t0) = m0 δ( r0 − ξ0) in its proper reference frame, in which δ denotes the Dirac delta function and ξ the location of the concretion). Here, ∂µϕ ∂ µ ϕ means ( 
Modifying natural transverse pulsations
By using a cell with different fluid depths in bouncing droplets experiments, authors have for instance studied tunnel-like effects [15] (see [16] for a theoretical model) and non-specular reflection of walking droplets [17] .
A barrier with a different thickness in the cell bath modifies the Faraday pulsation (or threshold) at the location of the barrier. This allows them to generate a kind of potential barrier acting both on walkers and on surface waves. We are inspired by these phenomena in this section.
Framework
For the concretion without external potential [12] , the elastic medium has the tendency to support transverse standing wave at pulsation Ωm. (Recall that his property was inspired by bouncing droplets experiments, in which some quantum-like phenomena occur when each transverse perturbation at the surface of the bath tends to generate a harmonic oscillation at the Faraday pulsation at the location of the perturbation. This property is mimicked in our toy system by a quadratic/harmonic potential associated with every element of the elastic medium, which tends to support a transverse oscillation at the pulsation Ωm.) We call in the following the natural transverse pulsation at a point r of the elastic medium, the pulsation of the transverse standing wave that the elastic medium tends to support at this point. Up to now, the natural transverse pulsation of the elastic medium, Ωm, was uniform and constant in time. We assume in this section that the natural transverse pulsation is no longer uniform and can also change in time. Let ω h ( r, t) an additional natural transverse pulsation to the reference one, Ωm. (We believe that ω h ( r, t) could easily be tunable by an experimenter -as soon as this toy system would be experimentally performed.) The natural transverse pulsation of the medium, at position r and time t, then reads:
This means that the elastic medium at position r and time t tends to support a transverse standing oscillation at pulsation Ω ′ m ( r, t). We assume through this paper that ω h ( r, t) (i) can be positive or negative, (ii) is in magnitude much lower than Ωm (i.e. |ω h | ≪ Ωm) and (iii) is very smooth comparatively to characteristics related to Ωm (i.e. ω h ( r, t) has a characteristic time evolution much longer than 1/Ωm and has a characteristic length evolution much greater than cm/Ωm).
The inhomogeneous natural transverse pulsation of the elastic medium, Ω ′ m ( r, t) instead of Ωm, constitutes the only difference from the toy system suggested in [12] . The Lagrangian density of the system then becomes
Note that this Lagrangian density is Lorentz-Poincaré invariant with respect to the considered elastic medium. It is furthermore important to note that the additional pulsation, ω h ( r, t), acts on the homogeneous elastic medium as well as on the concretion (but ρ0/µ0 times more). This is due to the fact that the concretion has the same properties as the homogeneous elastic medium per unit mass.
From the wave equation to the equivalent Schrödinger equation
The wave equation stems from the principle of least action, when the wave field is subjected to a small change while the 4-position of the concretion is fixed. Calculations, which are very similar to the ones detailed in [12] Appendix A2, lead to:
where m denotes the d'Alembert operator specific to the elastic medium (i.e. taking into account the propagation speed of the wave). The concretion is not the source of the wave any longer (a state related to an intimate harmony between the wave and the concretion and previously called symbiosis): (i) when the wave ϕ obeys a Klein-Gordon-like equation with a heterogeneous natural transverse pulsation Ω ′ m ( r, t) and (ii) when the following equation
called the symbiosis equation, is satisfied. We will discuss this equation below. It was very convenient to introduce the modulating wave, ψ, which modulates the 'natural' wave of the medium without any 'particle'. As described in [10] , ψ is specifically associated to the presence of a particle in the elastic medium. Using the complex notation and the reference pulsation of the elastic medium, Ωm, the (complex-valued) modulating wave, ψ, is defined from the (real-valued) transverse wave, ϕ, as
where Re[· · · ] denotes the real part. When the wave is in symbiosis with the concretion and in the low-velocity approximation (more precisely at first-order approximation with respect to v 2 /c 2 m , ω/Ωm and ω h /Ωm), the wave equation (4) leads to
where ∆ denotes the Laplace operator. (Calculations are very similar to the ones detailed in [12] Appendix A4.) It is now very tempting to define a potential-like energy able to act on the concretion, V h ( r, t), due to the additional natural transverse pulsation at position r and time t and to the mass m0 of the concretion, such that
in which we have use the coefficient
which is specific to the studied system. ( exp has been introduced in [10] as a proportionality coefficient between wave characteristics and particle characteristics, but naturally appears in the energy of the concretion [12] .) Now, by using the coefficient exp and the potential-like energy V h ( r, t), Eq. (7) becomes:
This equation has the same form as the Schrödinger equation with an external potential V h .
From the symbiosis equation to a contradiction of the system
The symbiosis equation (5) is the same as in [12] . Moreover the mass continuity equation (related to the concretion) is also unchanged by adding ω h ( r, t) to Ωm. Thus, the symbiosis equation associated with the conservation of the mass of the concretion lead to the same results as in [12] (cf. Eq. (6) therein), namely: (i) a covariant guidance formula (which provides an equivalent de Broglie-Bohm guidance formula in the low-velocity limit) and (ii) the velocity of the concretion remains constant in time. The latter constitutes an incoherence. Indeed, the velocity of the concretion under the action of a potential V h (8) should normally be able to vary. The toy system suggested in this section then exhibits an inconsistency. Something else in this system or formalisation should be missing or wrong. But before overcoming this contradiction, let us study another way to generate external potentials.
Accelerating frame
One more time, bouncing droplets experiments will inspire us. By means of a rotating liquid bath (with respect to the laboratory reference frame) authors have observed quantisation of classical orbits of walkers [18, 19] (see [20, 21] for more technical details and information). As evoked in Introduction, by using the rotating frame they have been able to generate external potentials acting on both the liquid bath and walkers.
Framework
Let RX a reference frame where the (Minkowski) Klein-Gordon-like equation without source (Eq. (4) in [12] ) governs the transverse wave, ϕ, in symbiosis with the concretion. For instance in bouncing droplets experiments in a rotating frame with respect to the laboratory reference frame, RX is the rotating frame itself, in which the liquid bath seems at rest but with a parabolic shape, and R the laboratory reference frame. in classical mechanics the laboratory reference frame is commonly considered as a Galilean reference frame while the rotating frame as a non-Galilean one.) Anyway, we are now seeking an expression of the wave equation in the reference frame R. This can be carried out by means of the coordinate transformation, from the spatio-temporal coordinates of RX (written as ( R, T ) or as the 4-position X µ ) to the ones of R (written as ( r, t) or x µ ). 3 It is then particularly convenient to use the metric gm µν related to the elastic medium in the reference frame R. We must keep in mind that this metric is specific to the elastic medium and, more precisely, to the wave equation of ϕ. In RX the elastic-medium metric is the Minkowski one -because ϕ obeys the (Minkowski) Klein-Gordon-like equation (without source). 4 Thus, gm µν of R is easily derived from the equivalent Minkowski metric associated with the elastic medium in RX .
In [12] the study was Lorentz-Poincaré invariant with respect to the considered elastic medium (i.e. the propagation speed of the wave, cm) because a (Minkowski) Klein-Gordon-like equation governed the wave dynamics in the elastic medium. Now, even more generally, we seek to study our monistic system in any reference frame R. It is then particularly convenient to directly use a general covariant formulation valid in any reference frame. As in relativity, this general covariant formulation uses the metric associated with R.
(But recall that, here, as mentioned above, the metric is associated with the elastic medium itself.) In this way, the Lagrangian density (1) of the toy system is written in any reference frame R as √ −gm L, where
and √ −gm denotes the square root of the negative of the determinant of the elastic-medium metric tensor
From the wave equation to the equivalent Schrödinger equation
The wave equation stems from the principle of least action (see Appendix A2 for more details) and is written as
where ✷m explicitly denotes the d'Alembert operator (specific to the elastic medium) in curvilinear coordi-
(In this paper we are not interested in the equation of motion for the concretion because, as seen in [12] and in the low-velocity approximation, this equation could very weakly perturb the velocity and trajectory of the concretion given by the guidance formula, i.e. by the wave equation.)
The concretion does not generate waves any longer: (i) when the wave is governed by the Klein-Gordonlike equation in curvilinear coordinates ( ✷mϕ+ 
As expected, the corresponding results seen in [12] are generalised.
From now on we only study the case in which the elastic-medium metric, gm µν , is a Newtonian one, constant in time. The simplest case corresponds to a uniformly accelerated frame, R, with respect to RX , which is also called the Rindler metric (see Appendix A3 for an illustration). The elastic-medium metric is then written as
in which gm 00 is constant in time and conveniently written as
In general relativity, ǫ( r) of a Newtonian metric constant in time is equal to the gravitational potential energy per unit mass and divided by c 2 (cf. e.g.
[23] §87), i.e. m0 c 2 ǫ( r) is equal to the gravitational 3 As in [12] , throughout this paper x 0 = cm t and x i (i = 1, 2, 3) denotes the spatial location, r, of a point in the elastic medium at rest, i.e. without considering its transverse displacement ϕ( r, t). Moreover we use the metric signature (+, −, −, −). 4 In Cartesian coordinates and in a 3D elastic medium the (Minkowski) Klein-Gordon-like equation without source reads:
potential acting on a point mass m0 at position r. Here, for example when R is uniformly accelerated with respect to RX along the (OX) axis with the uniform and constant acceleration a (which corresponds to the Rindler metric), we get ǫ( r) = a x c 2 m . Then m0 c 2 m ǫ( r) = m0 a x, which is equal in classical mechanics to the potential energy associated with the fictitious force due to the acceleration. More generally we define the (fictitious) potential energy acting on the concretion (if it was located at point r) as
In this Section we do not necessarily consider that |ǫ| ≪ 1 -and write this case only when it occurs. Finally ρ0, the mass density of the concretion expressed in its proper reference frame, is written (cf. e.g.
where V denotes the velocity of the concretion measured in terms of the proper time, that is, by an observer located at the given point (cf. e.g.
v, where the velocity of the
As seen in [10, 12] , in the low-velocity approximation the (Minkowski) Klein-Gordon-like equation without source (applying to the transverse wave ϕ) leads to an equivalent free Schrödinger equation (applying to the modulating wave ψ). Here, in the Newtonian elastic-medium metric in the small-acceleration approximation (|ǫ| ≪ 1) and in the low-velocity approximation, the wave equation (12) .) When the characteristic length evolution of ψ (say the wavelength of ψ) is much longer than the one of ǫ( r) (equal to c 2 m /a in Rindler coordinates), in other words when the variation of ǫ( r) is very small over a wavelength of ψ, the term ∇ǫ · ∇ψ is negligible. This leads to
By using exp, defined in (9), and the potential energy V , defined in (16), related to the concretion in R, we get
This equation has the exact form as the Schrödinger equation with the potential V .
As an illustration, let us consider a concretion in symbiosis studied in a reference frame R uniformly accelerated with respect to RX , as illustrated in Appendix A3. For the sake of simplicity we consider a concretion at rest (i.e. only with transverse oscillations) in RX . The corresponding transverse wave is then ϕ( R, T ) = A cos(Ωm T ), which satisfies the (Minkowski) Klein-Gordon-like equation without source. By using the coordinate transformation (A7), a Taylor polynomial expansion and the modulating wave ψ (6), we get
(20) It is easy to check that ψ satisfies the equivalent Schrödinger equation (18) or (19) , in which ǫ( r) = a x c 2 m or V = m0 a x.
From the symbiosis equation to the concretion guidance formula
As seen in [12] , the symbiosis equation in addition to the conservation of the mass m0 of the concretion lead to a covariant guidance formula, which implies the equivalent de Broglie-Bohm guidance formula in the low-velocity approximation. Here, by using Eq. (13) and the mass continuity equation (see Appendix A4 for more details) we get
(This relation only concerns a concretion studied in R with a Newtonian elastic-medium metric (14) constant in time.) This implies that both terms are zero. 5 This leads to the two following equations:
Eq. (22) has a direct counterpart in general relativity: the energy conservation of a point mass m0 in a static gravitational field (cf. e.g.
[23] §88), i.e. in a Newtonian metric constant in time. On the other side, Eq. (23) yields (see below), in the low-velocity approximation, an equivalent de Broglie-Bohm guidance formula in quantum mechanics. Eq. (23) (called the ϕ-guidance formula) generalises in any reference frame (with a Newtonian elasticmedium metric constant in time) the corresponding one in [12] , which meant that the concretion in symbiosis is located in its proper reference frame at a local extremum of the transverse displacement wave ϕ. Furthermore, it here appears more clearly that the symbiosis equation also leads to an energy conservation (cf. below Eq. (29)). It is very interesting to note that, on the contrary of the previous section of the paper and by using a general covariant formulation, the problem concerning the guidance formula and the velocity of the concretion under the influence of a potential (cf. Section 1.3) is, at this step, solved.
For the concretion in a uniformly accelerated frame, in which ϕ is given by Eq. (20) , the ϕ-guidance formula yields
) ex, where ex denotes the unit vector along the (Ox) axis. (This is straightforward to check by using the coordinate transformation in Appendix A3.) This leads, in the low-velocity and small-acceleration (|ǫ| =
2 ); both in agreement with equivalent motion and energy of a point mass in a uniform acceleration (or gravitation field) in classical mechanics.
In the low-velocity and small-acceleration approximation
In the low-velocity and small acceleration approximation and by using the modulating wave ψ (6), the ϕ-guidance formula (23) yields v ψ( ξ, t) = i Ωm ∇ψ( ξ, t). It is convenient to write ψ as
where the magnitude F and the phase Φ are two real functions and, in addition
Thus, the velocity of the concretion reads
This equation has a direct counterpart in quantum mechanics: the de Broglie-Bohm guidance formula [3, 24] . We note that the corresponding results seen in [12] are recovered in the same form. Moreover, similarly as in [12] , the amplitude of the transverse wave at the location of the concretion is such that: ∇F ( ξ, t) = 0 and ∂F ∂t ( ξ, t) = 0. The amplitude of transverse oscillation of the concretion remains thus constant in time and the concretion is located at a local extremum of the vibration amplitude field, F ( r, t).
The equivalent guidance formula (26) in addition to the equivalent Schrödinger equation (18) (both based on the symbiosis between the transverse wave ϕ and the concretion) yield
(The calculation is very similar to the one in [12] Appendix A3.) Q is the same wave potential as in [12] an equivalent of the de Broglie-Bohm quantum potential.
For the concretion in a uniformly accelerated frame, where ψ is given by Eq. (20), the equivalent guidance formula (26) directly leads to v = −a t ex; as seen above for the low-velocity and small-acceleration limit. The wave potential potential, Q (27), is here zero. The concretion behaves then as a point mass in classical mechanics moving in a potential V .
Energetic considerations
The energy, Wconc, and momentum, pconc, of the concretion are naturally defined from the time-averaged value over one transverse oscillation of the energy and momentum densities in the oscillating elastic medium. These densities are associated with the stress-energy tensor of the system, which results from the Lagrangian density (cf. Eq. (11)). We again consider the case in which the wave and the concretion are in symbiosisthe velocity of the concretion is then given by the ϕ-guidance formula (23).
We first consider that the concretion is in its reference state. This state has been defined in [12] when the concretion is in symbiosis with the wave and has a transverse oscillation in its proper reference frame at the pulsation Ωm. Note that this reference state makes zero the time-averaged value over one transverse period of the part of the Lagrangian density accounting for the concretion. Eq. (11) in [12] related to this reference state is then generalised here as
where (· · · ) ξ(t) denotes the time-averaged value over one transverse period at the location of the concretion. For instance, a concretion at rest in R oscillates at the pulsation √ gm 00 Ωm in its reference state -which is indeed in agreement with an oscillation at pulsation Ωm measured in its proper time. When the concretion is in its reference state (see Appendix A5 for more details) the energy and momentum of the concretion are written as
Here again, it is very tempted to assume that the experimenter can perform the condition related to the transverse oscillation amplitude of the concretion such that
(Recall that this conditions means in the proper reference frame of the concretion that the average quadratic transverse oscillation velocity of the concretion is equal to c 2 m and/or the energy density in the very close neighbourhood to the concretion is equal to the 'tension' T proper to the elastic medium.) Provided that the condition (30) is fulfilled, the energy and momentum of the concretions are written in the same form as in general relativity for a point mass m0 in a static gravitational field (cf. e.g. [23] §88 or [25] §ii.2), i.e. in a Newtonian metric constant in time. In addition, it is interesting to notice that Eq. (22) (deduced from the symbiosis equation) implies that the energy of the concretion, Wconc, is constant in time. Now, we consider the general case for which the concretion is not necessarily in its reference state. In the low-velocity and small-acceleration approximation (see Appendix A5 for more details), by using the pulsation ω, defined in Eq. (25) , at the location of the concretion and provided that condition (30) is fulfilled, the energy and momentum of the concretion are written as
Here again, the total energy of the concretion is equal to the equivalent rest mass energy of the concretion (m0 c 2 m , similarly to relativity) plus an additional energy, Econc = exp ω( ξ, t) (similarly to quantum mechanics). (It is worth noting that both the equivalent rest mass energy (m0 c 2 m ) and the coefficient exp come naturally from the same condition (30).)
To conclude, the corresponding results for Wconc and pconc seen in [12] are here generalised, as expected. We note nevertheless that expressions in the low-velocity and small-acceleration approximation have here the same form as in the absence of external potential. Let us now briefly write again expression of Wconc and pconc in the light of quantum mechanics.
Other expressions in the low-velocity and small-acceleration approximation
In the same manner as in [12] , in the low-velocity and small-acceleration approximation the additional energy of the concretion reads
and the linear momentum of the concretion
As in the absence of external potential, the additional energy and the momentum of the concretion are then in exact agreement with the energy and momentum of an equivalent quantum system -apart from they specifically concern ψ at the location of the concretion. As has been suggested by Louis de Broglie in quantum mechanics (see e.g. [6] , §xi), in our toy system the 'particle' concretion accounts for quantities (here energy and momentum) commonly attributed to the wave-like nature of the system.
Finally, similarly to quantum mechanics with a particle point of view (see e.g. [26] ), the energy of the concretion is also written as
Moreover, let us mention that the quantum potential is responsible for the deviations of the Bohmian trajectories from the classical behaviour in classical mechanics (see e.g. [27] ). In our toy system, it is interesting to notice that the wave potential, Q, also indicates a non-reference state degree of the concretion.
Indeed, in the low-velocity and small-acceleration approximation, Eqs. (6), (33), (34), (35) and condition (30) lead to
When Q( ξ, t) = 0, the concretion is in its reference state.
Let us now illustrate these results for the concretion in a uniformly accelerated frame, where ψ is given by Eq. (20) Here, the wave potential, Q, is zero. We then recover Econc = 1 2 m0 v 2 + V ( ξ, t) = 0. Furthermore Q( ξ, t) = 0 implies that the concretion is in its reference state, as expected. (Indeed, for the sake of clarity the concretion has been considered at rest with a transverse oscillation at pulsation Ωm in the reference frame RX shown in Appendix A3.)
General formulation
In the same manner as in general relativity -in which a gravitational field is locally equivalent to an accelerated frame (with respect to an inertial frame) and vice versa -we would like to associate an equivalent potential with an accelerated frame. By comparison with equivalent Schrödinger equations (Eqs. (7) and (18)) and/or with potential energies (Eqs. (8) and (16)) in Sections 1 and 2, it is very tempting to assume that ω h in Section 1 is related to ǫ in the Newtonian elastic-medium metric in Section 2. More precisely we assume
which implies that
(From now on, we only consider the case in which ω h is constant in time, as ǫ in Section 2.) Recall in general relativity that ǫ (from √ g00 = 1 + ǫ) of a Newtonian metric is associated with the gravitational potential energy per unit mass divided by c 2 . Here, ǫ (from √ gm 00), which accounts for the acceleration of the reference frame R with respect to RX in Section 2, is now associated with the additional natural transverse pulsation ω h at point r. For instance, the system in which R is uniformly accelerated with respect to RX along the (OX) axis with the uniform and constant acceleration a (i.e. ǫ( r) = . (Note that the potential-like energy (8) able to act on the concretion, V h ( r) = exp ω h ( r), becomes in this case V h ( r) = m0 a x, as in classical mechanics for a point mass.) It is nevertheless important to keep in mind that the Newtonian elastic-medium metric only concerns in general relativity the low-velocity and smallpotential/acceleration limit. By analogy with this, from now on we only discuss and consider our toy system under this approximation.
All results seen in Section 2 can be applied to a system with an heterogeneous natural transverse pulsation, Ω ′ m ( r) = Ωm + ω h ( r), as soon as the equivalence between ǫ and ω h in Eq. (37) (i.e. the Newtonian elastic-medium metric (14) is written with gm 00 given in (38)) is assumed. 6 Hence, the limitation of the formalisation seen in Section1.3 is now overcome.
This raises then the following question: what is wrong with the formalisation suggested in Section 1? To answer this question, let us come back to the relation between the proper time τ and the 'world time' t in R (cf. e.g. [23] §88). At point r: dτ = √ gm 00 dt. By assuming Eq. (38) (i.e. by assuming the equivalence between ǫ and ω h (37)) the relation between the proper time τ and the 'world time' t at point r becomes
This allows us to answer the previous question: in Section 1, the formalisation has not fully taken into account different proper times due to the inhomogeneous natural transverse pulsation. In particular the Lagrangian density in Section 1 has not taken into account the factor √ −gm due to this effect. This missing led to a wrong symbiosis equation and also a wrong energy of the concretion. The wrong symbiosis equation yields a velocity of the concretion constant in time in any potential-like energy. The wrong energy of the concretion (that it would have without the modification of proper times) is no longer in agreement with the equivalent energy of the corresponding quantum system, neither with general relativity for a concretion in its reference state.
The study of systems with harmonic potentials, Coulomb-like potentials, etc. is very similar -conceptually speaking -to examples analysed in [12] . Indeed, in the low-velocity and small-acceleration approximation the guidance formula, expressions of Econc and pconc with respect to ψ are the same as without external potential. 7 Following calculations very similar to the ones in [12] and according to condition (30) In
a concretion in its reference state and at rest at point r, the period of a transverse oscillation expressed with the 'world time' is equal to the reference period of a transverse oscillation expressed with the proper time. (Recall that at rest and in its reference state, the concretion oscillates in R at the pulsation √ gm 00 Ωm.) More generally, the elastic medium at point r tends to support standing transverse oscillations at the pulsation Ω ′ m ( r). In short, the natural transverse period in 'world time' is equal to the reference one in proper time. (This also explains why the (Minkowski) Klein-Gordon-like equation, valid in RX with the reference pulsation Ωm, played a crucial role in Section 2.)
To conclude, an experimenter could then generate any external potential by modifying natural transverse pulsations. Furthermore, modifying natural transverse pulsations implies that proper time elapses differently at different points of space in R. More precisely, this means that external potentials generated by modifying natural transverse pulsations are gravitational-like fields.
Conclusion
We have sought in this paper two different manner to generate a potential-like energy acting both on the homogeneous elastic medium and on the concretion (but, for the latter, ρ0/µ0 times more). The first case consists in modifying the natural transverse pulsation, i.e. the pulsation of transverse standing oscillations that a given point of the elastic medium tends to support; as for instance, in bouncing droplets experiments, by using a cell with different fluid depths (which locally modifies the Faraday pulsation/threshold) [15, 17] . The second case consists in studying the system in an accelerated frame with respect to one in which the transverse wave obeys a (Minkowski) Klein-Gordon-like equation; as for instance, in bouncing droplets experiments, by means of a rotating liquid bath [18, 19] . A general covariant formulation in a Newtonian elastic-medium metric constant in time (as the one in general relativity to deal with a point mass in a static gravitational field) is used. This covariant formalisation includes the two different previous manners to generate external potentials (considered as constant in time in this paper), but is only valid under the lowvelocity and small-potential approximation. By using this general covariant formulation, all results which are valid in a system without external potential [12] are recovered and/or generalised.
We nevertheless note that the symbiosis equation (13) plays a role more important than in [12] . Indeed, the symbiosis equation combined with the mass conservation of the concretion not only lead to the general covariant guidance formula (23) but also to Eq. (22), which implies the conservation of the energy of the concretion in its reference state. It is also interesting to note that, here again, the energy and momentum of the concretion have the same equivalent form: (i) as in general relativity (in a static gravitational field or in a Newtonian metric constant in time) for a concretion in its reference state (ii) as well as the ones attributed to the so-called quantum system (in the low-velocity and small-potential approximation). Here again, the condition concerning the oscillation amplitude of the concretion (30) allows us to write both the equivalent rest mass energy, m0 c 2 m , and the coefficient exp in the additional energy -equal to exp ω. We also note that expressions in the low-velocity and small-potential approximation for the guidance formula, Econc, pconc and the wave potential Q with respect to the modulating wave, ψ, are the same as in [12] , without external potential. (Another interpretation of Q, the equivalent de Broglie-Bohm quantum potential, is given: Q also indicates a non-reference state degree of the concretion.) Finally, ψ is governed by a strictly equivalent Schrödinger equation -of course with an external potential.
However the more interesting seems to concern the meaning of the external potential. An experimenter could generate any external potential by modifying natural transverse pulsations: Ωm → Ω ′ m ( r) = Ωm + ω h ( r). This external potential is written in the equivalent Schrödinger equation. Furthermore, it is important to stress that modifying natural transverse pulsations not only generates an external potential but also changes proper time at different points of the elastic medium -as a static gravitational field in a Newtonian metric in general relativity. (Without taking account the modification of proper times, the system is inconsistent. Indeed the velocity of the concretion in symbiosis would have been constant in time, whatever the external potential; and, in addition, the energy of the concretion would have been different to the equivalent energy of the corresponding quantum system as well as in general relativity for a concretion in its reference state.) For the sake of non contradiction, the toy system behaves then as if an equivalent static gravitational field exists. Hence, gm 00 of the Newtonian elastic-medium is such that √ gm 00 = 1+
. This corresponds to a potential acting on the concretion (and written in the equivalent Schrödinger equation) equal to
Hence, the effective gravitational acceleration, g, generated by the modification of natural transverse pulsations of the elastic medium, reads in Section 2), where a is constant and has the dimension of acceleration, the effective gravitational acceleration, associated with this modification of natural transverse pulsations, is uniform and reads g = −a ex. In short and more generally, in our toy system an effective gravitational field results from a natural transverse pulsations 'field'.
In this paper, the elastic medium and the concretion only evolve under the influence of an effective gravity. A possible kind of effective gravity field generated by the concretion has not been investigated in this article. (It could also be interesting in forthcoming studies to be inspired by another approach with quantum solitons [13, 14] , also inspired by bouncing droplets experiments and de Broglie's double solution program, in which the appearance of an effective gravitation is predicted.)
Finally, an accurate formalisation of a system with inhomogeneous natural transverse pulsations necessitates to take into account that proper time elapses differently at different points of space. In general relativity and in a Newtonian metric constant in time, the gravitational field implies a relation between the proper time and the 'world time'. Here, by using the reference natural transverse pulsation, Ωm (the one considered without external potential), this relation is very easy to interpret: the natural transverse period of the elastic medium expressed in 'world time' is equal to the reference one expressed in proper time.
Appendix
A1 The wave equation with a rotating elastic medium Let RX a reference frame which has a uniform rotation (with the angular velocity of rotation, ωr) with respect to the laboratory reference frame, R. Using the spherical coordinates, the (Minkowski) Klein-Gordon-like equation without source is written in RX as 1 c 2 m
The coordinate transformation from RX to R, and using spherical coordinates, is written as
This leads to . Putting into Eq. (A1), the wave equation becomes in the laboratory reference frame R:
∂φ 2 = 0 (A3) Let us now again writing the previous wave equation by means of the metric gm µν associated with the elastic medium in the laboratory reference frame R. According to the fact that the metric related to the elastic medium in RX is Minkowski and by using the coordinate transformation (A2), the space-time interval related to the elastic medium reads
This leads to the elastic-medium metric: . The latter expression is also directly deduced from ϕ = f (R, Θ) cos(ΩX T − m Φ) established in RX and by using the coordinate transformation (A2), as performed by de Broglie when he deals with the Zeeman effect (cf. [28] §xi.8). Note that a rotational splitting is also observed in bouncing droplets experiments [29] , as well as, for instance, in asteroseismology with oscillations in rotating stars [30] .
A2 Calculation of the wave equation
The wave equation comes from a principle of least action, when the wave field is subjected to a small change, ϕ → ϕ + δϕ, while the 4-position of the concretion is fixed.
ϕ → ϕ + δϕ leads to δ(ϕ 2 ) = 2ϕ δϕ and δ(g 
Integrating by parts the term with ∂µ(δϕ), with fixed end points, and since the small change δϕ is arbitrary, lead to the wave equation (12) . ( In the main text the concretion is assumed to be at rest in RX , for instance in OX .
A4 Combining the symbiosis equation with the mass continuity equation
The mass continuity equation for the concretion is written in the considered elastic medium as , expressed in the laboratory reference frame R. It is convenient to use the vector gradient, ∇, whose i-th component is ∂i, and the particle derivative 
